Abstract. We compute the expected dimension of the moduli space of torsionfree rank 2 sheaves at a point corresponding to a stable reflexive sheaf on a class of smooth projective threefolds; this class includes Fano and Calabi-Yau threefolds. Further, we show there are only two types of complete intersection Fano threefolds for which this dimension could be zero, and in each case we give an example where a moduli space is actually smooth of dimension zero.
Introduction and Preliminaries
We work over an algebraically closed field of characteristic 0. There has been a tremendous amount of interest in recent years in the study of curves on projective threefolds, and especially on the general quintic in P 4 . In this paper, motivated by Hartshorne's work [H2, H3, H4, H5] on curves in P 3 via the Serre Correspondence, we study the moduli of reflexive rank 2 sheaves on smooth projective threefolds.
Recall that a coherent sheaf F is torsion-free if the natural map of F to its double-dual h : F → F * * is injective, and that F is reflexive if h is an isomorphism. We refer the reader to [H3] for basic properties of reflexive sheaves. Recall the following Serre Correspondence for reflexive sheaves: Theorem 1. [H3, 4 .1] Let X be a smooth projective threefold, M an invertible sheaf with H 1 (X, M * ) = H 2 (X, M * ) = 0. There is a one-to-one correspondence between
(1) pairs (F , s) where F is a rank 2 reflexive sheaf on X with ∧ 2 F = M and s ∈ Γ(F ) is a section whose zero set has codimension 2 (2) pairs (Y, ξ) where Y is a closed Cohen-Macaulay curve in X, generically a local complete intersection, and ξ ∈ Γ(Y, ω Note that if F is locally free, then the corresponding curve Y is a local complete intersection, ω
ξ is a non-zero section, and c 3 (F ) = 0. In this case we say Y is subcanonical.
The Serre Correspondence follows from a careful analysis of the case r = 2, i = 1 of the following general statement:
Proposition 2. Let X be a Gorenstein projective variety of dimension n, Y ⊂ X a Cohen-Macaulay subscheme of codimension r, and L a locally free sheaf on X
where the groups vanish if r > i + 1.
Proof: Applying Serre Duality we have
Example 3. If X ⊂ P n+1 is a hypersurface of degree r, C ⊂ X Cohen-Macaulay of codimension 2, then
, then C is not the zero locus of a section of a rank 2 reflexive sheaf F with
Definition 4. Let L be a very ample line bundle on a smooth projective variety X.
Proposition 5. Let F be a rank two reflexive sheaf on a smooth projective threefold X ⊂ P n .
( 
Proof: The proof of the first part is the same as in [B, 3.3] ; the second is immediate from the definition; the third is essentially [H3, 3.1] . 2
Example 6. Let X ⊂ P 4 be a quintic hypersurface. If C ⊂ X has p a (C) = 0, then Ext
, and if this is non-zero then k < 0.
If p a (C) = 1, then Ext
, and this is nonzero exactly when k ≤ 0.
In either case where we do have a section, the determinant of the associated reflexive sheaf F is not ample, hence F is not stable by Proposition 5. 2
Example 7. Let X ⊂ P 4 be a smooth hypersurface of degree r, C ⊂ X an lci curve of degree d with p a (C) = 1.
Letting
hence Theorem 1 guarantees the existence of a locally free sheaf F with the following properties:
(1) F has a section s whose zero scheme is
The section s induces the exact sequence
, hence Theorem 1 guarantees the existence of a reflexive sheaf F with the following properties:
We recall some basic formulae:
Theorem 8. Let F be a coherent sheaf of rank r on a smooth threefold X. The Riemann-Roch formula is
Note also that if F has rank two and L is an invertible sheaf, then
Corollary 9. Let F be a locally free sheaf of rank r on a smooth threefold X. Then
Proof: This follows immediately from Theorem 8 noting that c i (
Proposition 10. Let F be a reflexive sheaf on a normal projective threefold X, G a sheaf of O X -modules. Then there are isomorphisms
Proof: This follows exactly as in [H3, 2.5] ; the key point is that a reflexive sheaf on a smooth threefold X has homological dimension 1. 2
Extension Calculations
Notation 11. For a coherent sheaf F of rank r, we denote
It has been shown [Ma1, Ma2] that there is a coarse projective moduli space for semistable torsion-free sheaves with a given Hilbert polynomial on a smooth projective threefold X. The tangent space at a stable sheaf F is Ext Definition 12. Let F be a rank 2 reflexive sheaf on a smooth projective threefold X. The expected dimension of the coarse moduli space for stable torsion-free sheaves with Hilbert polynomial equal to that of F is
We make a formal computation:
Proposition 13. Let F be a rank r coherent sheaf on a smooth projective threefold X. Then
with E 0 , E 1 locally free of rank k+r and k respectively. Furthermore, as in [H3, 3.4] we compute the global extension groups as the hypercohomology of the complex
In general, if r 1 = rank(E) and r 2 = rank(F ), one finds
+r 2 (r 2 2 − 3r 2 + 3) c 3 (E) + r 1 (r 2 1 − 3r 1 + 3) c 3 (F ) Substituting in our case, we obtain:
Computing via Riemann-Roch (Theorem 8) we see
For the other two terms, we again substitute into the general formulae to obtain:
and so by Corollary 9 we have
Putting the four terms together:
Where the last equality holds after replacing c 1 (F * ), c 2 (F * ) with the appropriate Chern classes of E 0 and E 1 as derived from the resolution of F * . 2 Corollary 14. Let F be a rank 2 reflexive sheaf on a smooth projective threefold X. Then
Proof: This follows immediately from Proposition 13 noting that for a rank 2 reflexive sheaf we have
Proposition 15. Let F be a rank two reflexive sheaf on a normal Cohen-Macaulay projective threefold X with ω * X effective.
where the first equality is Proposition 10 and the second is Serre Duality. We also have
where the first equality is Proposition 10; the second is [H3, 2.5] ; the third is Serre Duality; the fourth is [H1, III.6.7] . Now clearly if
where f is not the zero map as it preserves at least the homotheties of F . 
Proof: Because F is stable, we have dim Hom OX (F , F ) = 1 by Proposition 5, and so by Proposition 15 we have Ext 3 OX (F , F ) = 0. The result now follows from Proposition 13.
2
For completeness we also include the following result, which is similar to Proposition 15 and is of independent interest (e.g. on the blow-up of a Fano variety).
Proposition 18. Let F be a stable rank two reflexive sheaf on a smooth projective threefold X ⊂ P n . If there exists an n ∈ Z such that H 0 (X, F ⊗ ω n X ) = 0 and
Proof: By hypothesis, for some n we have
has a section whose zero locus is a curve C; note that D may be empty and that
* but the last group is zero by stability of G and the above discussion.
Applying Hom OX (·, G) to the basic sequence
and the vanishing of Ext
Corollary 19. Let F be a stable rank two reflexive sheaf on a smooth projective Fano threefold X. Then
Having found the expected dimension, we give criteria under which the second extension group vanishes (Cf. [H3, 4.3 
]).
Proposition 20. Let F be a locally free sheaf of rank two on a smooth projective threefold X and assume that F has a section whose zero locus is a curve C. If each of the following holds:
Proof: The section induces the exact sequence
Tensoring with F and taking global sections yields
By condition (1) we need to show H 2 (X, F ⊗ I C ) = 0. Tensoring the sequence
with F , conditions (2) and (3) 
. Suppose further that F is locally free and has a section whose zero scheme is a curve C, and that 
Then the moduli space is smooth of the expected dimension. 2
Remark 23. It is interesting to note that in the case of a Calabi-Yau threefold neither Proposition 15 nor Proposition 20 require F to be stable. 2
Examples
Example 24. Suppose that F is a stable rank 2 reflexive sheaf on a smooth threefold X. If X is a hypersurface of degree r ≤ 4 in P 4 , then because c 1 (X) = (5 − r) c 1 (O X (1)) and c 2 (X) = (10 − 5r + r 2 ) c 2 1 (O X (1)) we have
A case-by-case examination shows that D(F ) cannot be 0 if r = 1, 3, 4. If X is a smooth complete intersection X ⊆ P 5 of type (2, 2), then we have c 1 (X) = 2 c 1 (O X (1)) and c 2 (X) = 3 c
which is never zero. If X is a smooth complete intersection X ⊆ P 6 of type (2, 2, 2), then we have c 1 (X) = c 1 (O X (1)) and c 2 (X) = 3 c
which is never zero. 2
Example 25. Let F be a stable rank two reflexive sheaf on a smooth quadric hypersurface X ⊆ P 4 and suppose that
if and only if k 2 + 1 = 2 c 1 (O X (1)) c 2 (F ). Let C ⊂ X be a line. We associate to C a rank 2 vector bundle F with ∧ 2 F = O X (1). From the exact sequence 0 → O X → F → I C/X (1) → 0 we see that H 0 (X, F (−1)) = 0, hence F is stable by Proposition 5, and so D(F ) = 0. We apply Theorem 21. Because O C (1) is non-special, the above exact sequence also immediately yields H 2 (X, F ) = 0. Further
Finally, from the conormal sequence we know that N * which is zero exactly when 2 c 1 (O X (1)) c 2 (F ) = 3(1 + k 2 ). In particular, both k and c 1 (O X (1)) c 2 (F ) must be odd.
The first case where F may have a section is ∧ 2 F = O X (1) and c 1 (O X (1)) c 2 (F ) = 3. In this case, stability implies every nonzero section must vanish along a curve C of degree 3. However, since ∧ 2 F * = ω X , the Serre correspondence implies H 0 (C, ω C ) = 0 which is certainly not true if p a (C) = 0. Thus C must be a plane cubic and F is locally free. Suppose, then, that X contains a smooth plane cubic C. From the exact sequence 0 → O X → F → I C/X (1) → 0 we see that H 0 (X, F (−1)) = 0, hence F is stable by Proposition 5, and so D(F ) = 0. We apply Theorem 21. Because O C (1) is non-special, the above exact sequence immediately yields H 2 (X, F ) = 0. Further
Finally, from the conormal sequence for C ⊂ X we have N * C/X = N C/X (−1), hence H 1 (C, N C/X ) = H 1 (C, N * C/X (1)) but the last has dimension 0 because C is cut out on X by linear forms (Cf. [V1, 2.1]).
Therefore, Ext 2 OX (F , F ) = 0, and so we have Ext 1 OX (F , F ) = 0. Unfortunately, as h 0 (X, F ) = 4 this does NOT imply that there are finitely many such curves. Note also that h 0 (C, N C/X ) = 3 and H 1 (C, N C/X ) = 0. 2
